MARKOV PROCESSES WHOSE HITTING
DISTRIBUTIONS ARE DOMINATED BY THOSE OF
A GIVEN PROCESS(})

BY
CHUNG-TUO SHIH

Introduction. Let X be a Markov process. Let X * be the process obtained from
a random time change in a subprocess of X. Then obviously the hitting distributions
of X* are dominated by those of X. It has been naturally conjectured that the
converse is true under broad conditions. The exact statement of the converse would
be as follows: if two Markov processes are such that the hitting distributions of X
dominate those of X*, then there is a process Y obtained from a random time
change in a subprocess of X that is equivalent to X*. The conjecture is proved by
Sur [6] in case X is a Brownian motion process and X * is a standard process. This
paper deals with the very general case where X and X* are Hunt processes with a
locally compact separable metric space as their common state space. (Our definition
of a Hunt process agrees essentially with that of a standard process.) The conjecture
is proved true under a trivially necessary condition, provided a slight change in the
definition of a subprocess is allowed (see §1). Our method is to construct a multi-
plicative functional of X which induces a process with the same hitting distributions
as X*. When the state space of X* is a proper subspace of that of X which is a
locally compact separable metric space, it seems that no difficulty would arise in
obtaining a similar result with the same techniques.

1. Preliminaries and the main result. Let E be a locally compact separable
metric space. Let E,=F U {A} be the one-point compactification of E. Denote by
Z# and %, respectively the Borel fields of E and E,. A Hunt process X with E as
its state space is a structure (Q, #, X(¢), P*, 6;) where Q is a set (the sample space),
M a o-field on Q, X(t), 0=t <0, are random variables on (Q, .#) taking values
in E,, P*, x € E,, probability measures on .# with P*(X(0)=x)=1, and 4,
0=<t<o0, operators on Q satisfying X(s)(6,)= X(s+1). For each w € Q, the path
function ¢ - X(w)= X(t, w)= X(t)(w) is right continuous and has a left limit at
every 1, and X(t, w)=A if 12 o(w)=inf{s | X(s)=A}, the lifetime of w. Let ¥, be
the o-field generated by X(s), s<¢ and ¥ that generated by X(z), t<co. For each

Presented to the Society, October 30, 1965; received by the editors September 1, 1966.

() This is essentially the author’s doctoral dissertation at the University of Washington
written under the supervision of Professor R. M. Blumenthal, to whom the author wishes to
express his deep gratitude for encouragement and advice. Some improvement has been made
while the author held an ONR Research Associateship in Mathematics at Cornell University.

157



158 C.-T. SHIH [October

Ae ¥, x— P*(A) is #,-measurable. For a probability measure p on %, (u will
always denote such a measure) P* is defined on 4 by P*(A)= [ P*(A)u(dx). Let %*
be the P“-completion of ¢, and let & be the intersection of %* over all u. Let £,
be the o-field of sets A satisfying the condition that, for each p, there exist A, € %,
and A; € 9 with P“(A;)=0 and (A—A,) U (A;—A)< A,. A stopping time T is a
function from Q to [0, co] such that {T'< ¢} € & for every ¢. For a stopping time 7,
Fr=%(T) denotes the o-field of sets A € & satisfying A N {T'<t} € Z#, forevery t.
If ¢ is a bounded real-valued &#-measurable function and T a stopping time, then
E*{¢(07); A N [T<o)l}=E*EXT($); AN [T<oo]} for all AeF(T). This is the
strong Markov property of X. If T, are stopping times increasing to 7, then X(7T,)
converge to X(T) a.e. on {T <o}, where a.e. means a.e. P* for every x. This is
called the quasi-left continuity of X. Note that it is not required that X satisfies the
stronger form of quasi-left continuity that the above convergence holds a.e. on
{T<oo}. Thus our definition of a Hunt process agrees with that of a standard
process.

For an analytic subset 4 of E and x € E, the hitting distribution Hy(x, -) is
defined on & by H,(x, B)=P*(X(T,) € B, T, <), where T,=inf{t>0 | X() € 4}
is the hitting time of 4. A point x is regular for 4 if P*(T,=0)=1, and irregular if
otherwise. A point x € E is a holding point if it is irregular for E—{x}. The set of
holding points will be denoted by H. The points in I= E— H are called instantaneous
points. A holding point is called a trap if Hg_ ,,(x, E)=0. Let T be a stopping time
<o such that T(6)=T—t on {<T}. Let Z(t)=X(t) on {t<T} and =A elsewhere.
Then Z=(Q, #,Z(t), P*, 0,) is again a Hunt process, whose state space is
E'={xe E| PXT>0)=1}. (If X is only a strong Markov process then so is Z.)
Such a process is called a subprocess of X. A multiplicative functional M of X is a
real-valued function on [0, o) x Q such that (i) t > M(t)(w)= M(t, w) is right con-
tinuous, nonincreasing and taking values in [0, 1] for almost all w, (ii) M(?) is
F(t)-measurable, and (iii) M(s+1t)=M(t)[M(s)(8,)] a.e. If M is a multiplicative
functional such that M(z)=0 on {c <1}, then one can define a Markov process Y
in the manner of [5, p. 142] from X and M. Y has E'={xe E | PX(M(0)=1)=1}
as its state space. The transition function q(z, x, B), xe E', Be ZNE’, of Y is
given by E*{M(t); X(t) € B} and its hitting distribution H;(x, B), x€ E, A< E’, is
equal to EX{M(T,); X(T4) € B, T, <o} where A'=(E—E’) U A. Such a process
we will also call a subprocess of X.

For a summary of the basic definitions and facts of the theory of Hunt processes
we refer the reader to §1 of [4] or §2 of [1]. A discussion of multiplicative functionals
can be found in [3], [6] or Chapter 10 of [2].

Let us consider two Hunt processes X and X* with E as their common state
space. For notational convenience suppose X and X* are defined on the same
sample space (Q, #) and by the same random variables X(¢). Thus we write
X*=(Q, A, X(1), *P*, 6,). Let *P*, F*, F¥ F¥ H¥(x, B), H* and I* be defined
from the probability measures *P* in the same manner as P*, &, etc. are defined
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from P#; a.e. * will mean a.e. *P* for every x. If & is sub-o-field of F (F%),
S (F*4) will denote the o-field of sets A such that there exist A, € & and
Ay e F (A, € F*) with P4(A,)=0(*P*(Az)=0)and (A— A,) U (A, —A)< A,. Note
that this definition agrees with a previous one if =%, For AcQ, ¥ NA
={A; N A| A, € &}. Let %, be the set of real continuous functions on E vanishing
at infinity.

Our basic hypotheses are:

A. H¥(x, -)< Hy(x, -) for every compact subset K of E and x € E.

B. If x is a trap for X*, then x € H.

The main result is the following

THEOREM. Under hypotheses A and B there exists a multiplicative functional M
of X such that E*{M(T,); X(T,) € B, T,<oo}=HJ}(x, B) for all x € E, analytic
subsets A of E and Be &.

Obviously the multiplicative functional M in the theorem must satisfy M(0)=1
a.e. P* for all x € E, and we may assume M(¢t)=0 on {o =¢}. Thus the subprocess
Y of X induced by M has F as its state space and has the same hitting distributions
(on analytic subsets of E) as X *. One can then appeal to the result of [1] to obtain
a random time-change in Y which induces a process equivalent to X*.

A remark about the hypotheses: if the result of the theorem holds and if x € I,
then x is not a trap for X*, since

Hg_(x)(x, E) = Ex{M(TE_(x)); X(TE—(X)) EE, TE—(x) < 00} = l.

Thus hypothesis B is necessary. Hypothesis A implies that H¥(x, -) £ H,(x, -) for
all analytic subsets 4 of E. This is a result of the fact that, in a Hunt process, the
hitting time of an analytic set can be approximated by the hitting time of its
compact subsets.

Let us choose a metric p on E,. Let reg A (reg* A4) be the set of regular points
for A relative to X (X*). We will now prove two immediate results of hypotheses
A and B.

ProprosITION 1.1. H=H*,.

Proof. If x € H, then H¥_(.,(x, {x}) < Hr_(»(x, {x})=0, and hence x cannot be
in I*. So H< H*. Suppose x € H*. If H¥_,,(x, E—{x})=0, then x is a trap for X*
and so x € H by hypothesis B. If H¥_,,(x, E—{x})>0, then Hg_(x, E—{x})>0
andso x¢ 1. So H*< H.

PROPOSITION 1.2. If K is a compact subset of E, then reg K=reg* K.

Proof. If x € K, then trivially x ¢ reg K and also x ¢ reg* K. Suppose x € K.
If x e H= H*, then of course x € reg K N reg* K. Suppose x € I=I*. Let

D, = KU{y|ln < p(x,y) £ p(x,4)/2}.
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Then we clearly have: Hp (x, {x})=1for all nif and only if x € reg K, Hf (x, {x})=1
for all » if and only if x e reg* K and Hj (x, D,)* 1 as n — co. These conditions
and hypothesis A imply that x ereg K if and only if x € reg* K. The proof is
complete.

2. Partitioning of the state space and a family of stopping times. A pair (%, ¥")
will be called a partition of E if #={U,, ..., U,} is a finite covering of E by open
subsets of E, and ¥"={V1, .. ., V,} is an (ordinary) partition of E by Borel sets with
Vi< U, for all i. A partition (%, ¥") of E is a refinement of another partition
(@', v") if, whenever Ve ¥, Uje ', and V;N U;# @, we have U;<Uj. It is
easily checked that being a refinement of is a transitive relation among partitions
(%,7") of E. For a family % of subsets of E let |%| be the sup over Ue # of
diam U=sup {p(x, y) | x, y € U}. The following observation is basic to our study.

PROPOSITION 2.1. There exists a sequence (4™, V" ™), n=1, 2, ..., of partitions
of E such that (i) |%™| < 1/n for all n, (ii) (%™, ¥"™) is a refinement of (U™, ¥"™)
if m=n, and (iii) V{®=U™—\Jiz1 U™ for all n and i> 1.

Proof. For each n choose a finite covering #' of E consisting of open subsets
of E such that |#"™| < 1/n (note that p is a metric on E,) and # ™ is closed w.r.t.
finite intersection. Define #™ inductively by setting #V=#"" and #"*?V
={U,N U, | Uy e %™ and Uy € # **V} for nz 1. Clearly each ™ is closed w.r.t.
finite intersection. Enumerate numbers of ™ as U{™, ..., U{™ in such a manner
that i <j whenever U™ < U{™. Let V{®=U{" and V{®=U™—-J\z1 U for i> 1.
(i) and (iii) are immediate. We now show (#"*+V, ¥"™+1D) refines (%™, ¥"™).
Suppose x € V*D N U™, We need to show UV < U™, 1t is clear that U** D
=N {Ue#"*Y | x € U}. On the other hand U{**V=U, N U, for some U, € %™
and U,e #'"+V, Since x € U™ N Uy e 4"+, we have U*Pc U™ N U, < U™,
This proves (Z™+V, ¥"™+D) is a refinement of (™, ¥"™), and it follows from
transitivity that (™, ¥"™) refines (%™, ¥"™) if m < n. It remains to show (™, ¥"®™)
is a refinement of itself. But this is obvious since if x € V{® N UM, then U™ =
N{Ue¥™ | xe U} = U™. We choose a sequence {(Z™, ¥ ™)} of partitions of
E satisfying the conditions in the above proposition. Let us define a family of stopping
times as follows. First, for each nlet T™ =T _ ym if X(0) € V™, and = o0 if X(0)=A.
It is clear that each T™ is a stopping time (for both processes X and X*—as
is every stopping time to be defined in the sequel). Let = be the first uncountable
ordinal. For each n define inductively stopping times T3, o <, as follows:

T = 0; TR, = T+ T™(0,m) if T(Y < o0, and =0 if T(Y = o0;

Ty =sup Ty if « is a limit ordinal.

r<a

The right continuity of path functions implies that 7 >0 and hence T}, > T™
provided T < co. It follows that for each w there is « <7 such that T{"(w)=o0o0.
Also, a standard argument shows that for each u there exists <= such that
PHTY < 00)=*P*(T§” < 0)=0.
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PROPOSITION 2.2. Let m<n and we Q. If X(0, w) € U™, then, for some «,
T{M(w)=T;- U""(“’)

Proof. We may assume T _ y{m(w) < 0. Then yo=supfy | T{"(w) £ Tg_ yp(w)} <=
and T{P(w) < Ty _ yim(w). If the equality does not hold, then x= X(T{"(w), w) € U™.
(Note that x=A implies Ty _ yim(w)=00.) Suppose x € V(. Then since (%™, ¥"™)
is a refinement of (™, 7" ™) we have U/”<U™. This implies T™(frmw)

S Tg-ym(8rww) and hence T7Y, (w) < Tp_yim(w), a contradxctxon

COROLLARY 2.3. Let m<n, a<m, and w € Q. There is A< satisfying

T{Pw) = T)

Proof. The case =1 follows immediately from the previous proposition and
the definition of T{™(w). Suppose the assertion is true if « is replaced by any smaller
ordinal. If « has a predecessor y and T{™(w) =T\(w), then assuming as we may that
T{™(w) <00, we can find A, such that T{;"(Om)w) T{P(0r¢mw) = T{™(87¢mw). Thus
we have TV, ,,(w)=T{™(w). If « is a limit ordinal, let A(y) be such that T{")(w)
=Ty(w) for y<a and let A=sup{A(y)|y <«}. Then T{P(w)=T{(w) by definition.
The corollary then follows from induction.

The fact asserted in the above corollary, which may be called the interpolation
property of the 7§, is fundamental to this work. Let A(m, o, n) =inf{A < | T = T{™}
for m=n. Note that A(m, «, n) is a function from Q into the set of countable
ordinals, and {A(m, o, n) =y} ={T™ =TV > T{” > forall § < y}isin F(T™) N F(T™)
and also in F(T{™)* N F(TM)*,

COROLLARY 2.4. Let m<n. If T{(w) 2 t, there exists y <= such that
T{(w) = t+ T} (fw).

Proof. The case T{"(w)=t is trivial and we may assume T{™(w)>t. Let
ao=sup{e; | T{P(w) £t}. Then T (w) £t < TP, 1(w). Suppose X(TM(w), w) € V™.
Then X (¢, w) € U™ and T, ; — t is the first time 6, hits E— U{™. Now Proposition
2.2 implies that Tg 1(w)—t=T{"(6,w) for some y. This proves the case when
a=0y+ 1. The case when a>ay+ 1 is then easy to see.

For a compact subset K of E, we can define stopping times in terms of T to
approximate Ty. Let T,=inf{T{" <o |if X(T™)e V™ then U™ N K+# @} and
R,=inf{T™ | T 2 Ty).

PROPOSITION 2.5. Each T, is a stopping time. If x ¢ K, thenT,, ¥ Tx or o a.e. P*
and a.e. *P* as n — .

Proof. Let F,=J {V{® | U™ N K+# @}. From the fact that (™, ¥"™) refines
itself one easily checks that T, =0 if X(0) € F, and T,, =Ty, if otherwise. Hence T,
is a stopping time. The rest follows from the fact that p(y, K)=inf{p(y, z) | z € K}
< 1/n for y € F, and the quasi-left continuity.
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PROPOSITION 2.6. Each R, is a stopping time. If K<I, then R, | Tk a.e.
and a.e.*.

Proof. {R,<t}=Us<z: {Ra=TP<t}. Now {R,=TM}={TMz2Tx>T™ for all
y<a} € F(T™). Hence {R, =T <t} € #(t). From the fact that for each u there
exists B such that P*(T{¥<o0)=0 we see that {R,<t}e #(¢t). Similarly
{R,<t} e F(t)*. Hence R, is a stopping time. Suppose K<I=TI*. It follows from
the strong Markov property that, a.e. (a.e.*) on {Tx <0}, there is an arbitrarily
small 8 >0 such that X(Tx)# X(Tx+8). Clearly if X(t, w)# X(t+ 3, w) then there
exists some (n, ) such that t<T{(w) <+ 3. Hence R, | Tk a.e. and a.e.*.

3. Some measurability lemmas. For each positive integer n and countable
ordinal vy, let 5#(n, y) be the o-field generated by sets of the form

{X(T;n)) € B9 Tcgn) < w}, Be BAy 8 é Y-

Since {X(T§™) € B, T{® <o} € F(T§V) and, for d <y, F(T{P) < F(T™), #(n, y)isa
sub-o-field of F(T™). Also, H#(n, y) = #(n, r') whenever y<y'.

LEMMA 3.1. If m=n, then {T{V =T <o} € H#(n, y).

Proof. We prove by induction on both y and «. The induction hypothesis is that
{TW =T <0} € #(n, y') whenever y' <y and o' <#, or y'=y and o' <e. Since
the case «=0 is trivial we assume «>0. If o has a predecessor «’, then

(TP = T < o0} = U (TP = TP < 0} 0 J (XTP) e Vi™;
V<7 i

X(TMeU™fory <& <y; X(T§M) e E-UM™, T{M < oo})
€ H(n, y).
If « has no predecessor, then Ti™ =sup{T{™ | «' <«}. Now for &’ <,
{T < T < o0} = {T™ < o} N ,,LJ,{T"("'") =T™ < oo} € #H(n, ).
Hence if ¢’ < =, then
{TW < T} = {T < 0} —{T{ = T < o0} —{T¢™ < T™ < oo} € H#(n, y).
It follows that
{T" = T)" < oo} ={T}” < 0} —{T7” < T}” < 0} —{T}" < Tg™}

={T}" < 0} —{T(" < T}V < o0} — U (T} < T{Py e H(n, y).

a'<a

This completes the proof.

For the rest of this section let m and «>0 be fixed. For =0 and y<= let
RP=min{T{"*™, T¢™}. Note that for each p there exists B<w such that
PHRP <T)=*PHRP <T{™)=0. Let 5#,,(m, o) be the o-field generated by sets
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of the form {X(R{") € B, R{» <0} or {X(T{™) € B, T{™ < o0}, where Be %, and
y <. Let 5£,(m, «) be the smallest o-field containing all 5£,(m, «), n=0. Note that
Hoo(m, o) < F(TJ).

COROLLARY 3.2. H#,(m, o) N{T{™=T{"*" <0} <H#(m+n, v).
Proof. If A={X(T{™) € B, T\ <0} then
AN{T™ =T < o} = {X(T"*™)e B, T = T{"*™ < o} € #(m+n,y)
by Lemma 3.1. Let A={X(R{») € B, R{»» <oo}. If ' <y then
AN{T = T < o) = {(X(T"*V) € B, T™ = T{™*™ < 0} € #(m+n, y).
If y<y/, then
AN{T{ = T{"*™ < oo} = {X({T{"*™) e B, T = T{"*™ < oo} € #(m+n, y).
The corollary follows.
LeMMA 3.3. S, (m, o) <, , ,(m, «)* for every un and n.
Proof. (i) The following equalities show that for arbitrary & the sets
{'T£m+n+1) < T} and {TM+n+D = T < oo}
are in X, ., =, ,,(m, o):
(T emeD < T} = (X(RS™) # X(RESD), RSP < o)
U{RP*Y < oo, RIS = o0},
{Tym*m+ D = T < oo} = {X(R$*Y) # X(R$1P) forall & < 8,
X(R§*V) = X(RE:), RSP < o).
(ii) Let us show that, if Aes#(m+n+1,8), AN{TM*"*D<T™} and
AN{TMr*n+D=T{™ < oo} are in H,,,. We need only to consider
A = {X(T{+n+V) e B, T&M++ Y < oo}
where Be #,, 8 <8. Now
AN{TF+m+d < T = {X(RE*P) e B, REHY < oo} N {T{m*m+0 < T™Y,

AN{Tm+n+D = T < oo} = {X(RE*V) e B, RE+D < o}
N {T§m+n+1) = Tém) < w},
and it follows from (i) that they are %, , ;-sets.
(iii) Suppose A={X(R{") € B, R{® <o} where B e %, and y<=. Then A is the
union of
A ={X{T{™) e B, T™ < o0} N{TM L Tm+m™)
and
A2 = {X(T,(,m"'”)) GB, T)(’m+n) < OO} N {T;m+n) < Tgn)}.
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Let B be such that P4(T{"*"*P < 00)=0. We have
Ay =Ty U U (XT*m2) € BT "+D < o0} N {T{"4™ 2 T{+*+2 < oo}
AT = T+ < oo,
Ay =T3U U ((XT{n2) € B, T m+D < 00} 0 {T§m™ = TYn+ < oo}
NATEm "D < Ty,
where I'; and T, are & -sets contained in {T{"*"*1 < o0}. Now

{T,('m+n) — Tém+n+1) < w}
and
{T§m+n+1) < T§m+n)’ T§m+n+1) < OO} — {T$m+n) — Tgm+n+1) < 00}
U {Tgm+n+1) < T;m+n)}

are in #(m+n+1, 8) (see Lemma 3.1). It follows from (ii) that A, and A, are in
2%, . and hence so is A. This proves 5, <5, , and the lemma follows.

LEMMA 3.4. Let K be a compact subset of E and let R,=inf{T{™ | T{® 2 Tx}. If
x ¢ K, then {R,=T{™ <o} € #,(m, a)°=. (e, is the unit mass at x.)

Proof. Since {R,=T{ <o} ={Tx ST <0}~ <o {Tx ST <o}, it suffices to
show that {Tx<T{ <o}e #p(m, o)’ for all o'Za. Let T,=inf{T" <o |if
X(T$™) e V™ then U™ N K+ @}. By Proposition 2.5 T, 4+ Ty or o a.e. P*. Hence
we need only to show {T, ST < o} € H#,x(m, )’ for o' S, nZm. Let n2m and
let B be such that P*(T{ <o0)=0. We have

3.1) (T,<T® <o) =TU U {T, =T™ £ T < o}
Y<B

where T' is an F-set contained in {T§» <oo}. Now {T{" = T < ¢} is the union of
Uyss<p {TEM =T <o} and a subset (in F) of {T§» <oo}. Since for o’ <a

(T =TP < o} ={TP =T < 0, TP < T}
e H(n, &) N{TM < T™M} < Hy(m, @)
(see (ii) of the proof of Lemma 3.3), we have {T}” < T{™ < o} € #5,(m, «)°~. Further-
more, {T,=T™<T™, T <a} is clearly in H#,(m, «) by the definition of T;. It
follows that {T,=T™ ST <o} € Hu(m, )*=. (3.1) then implies {T,<T{P <o}
€ #,(n, )=, The proof is complete.

4. A martingale. In this section we make an additional hypothesis: (a) both X
and X* satisfy the stronger form of quasi-left continuity, i.e., if stopping times T,
increase to T, then X(T,) — X(T) a.e. (a.e.*) on {T<oo}, and (b) X(t) —>A a..
and a.e.* as 1 — c0. However, the following proposition depends only on hypothesis
A.

PROPOSITION 4.1. Given a partition (%, V") of E, there is a # x #-measurable
function e: Ex E — [0, 1] such that H¥_ y(x, B)= |, e(x, Y)Hg_y(x, dy) if x€ V,.
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Proof. For x€ E, Be # let q(x, B)=Hy_y,(x, B) and g*(x, B)=H¥_y (x, B),
where i is such that x € V,. For each B, g(x, B) and g*(x, B) are #-measurable in x.
(This seems to be a standard fact; however, it is a special case of Proposition 5.1.)
By hypothesis A, g*(x, -) <q(x, -) as measures on &% and hence g*(x, -) is absolutely
continuous with respect to g(x, -). Since # is countably generated, it follows from
a well-known theorem that there is a real-valued function e defined on ExE,
measurable over & x &, such that g*(x, B)= [, e(x, y)q(x, dy) for all x€ E, Be &.
Obviously we may assume 0<e=<1.

Now for each n let e,: ExE— [0, 1] be a fixed & x #-measurable function
satisfying

H- o3, B) = [ e, »)Hs-opo(, )
whenever xe V™ and B € 4. Since Hy_ym(x, U™M)=0 we may assume e,(x, x)=1

for all xe E. For n21 and O<y<= let M(n, y) be a function on Q defined as
follows:

M(n,y) =0 ifT™ 2 o,
= [ [ e X(T$™), X(T57y) f T < o,
o<y

where the infinite product [, ., e, (X(T5™), X(T{?,)) denotes the infimum of all

finite products e (X(T3Y), X(T§Ps 1)) - - - en(X(TEP), X(T§P4 1)), 81< -+ <§<y.

Clearly M(n, y) is measurable over #(n,y), and, if §<y, M(n,y)=M(n, 8)

x [M(n; 8)(0r)] on {T§™ < o}, where 8+ &' =4 (i.e., y is the &’'th ordinal after $).
PROPOSITION 4.2. For every x € E and for every A € #(n, y) N{T <o}

.1 *PX(A) = EX{M(n, y); A}.

Proof. (i) We first prove (4.1) for A of the form { X(T¢™) € By, X(T™) € B,, T < o}.
If x ¢ By, both sides of (4.1) are zero. Hence we assume x € B,, in which case it
suffices to let A={X(T™) € B,, T{™ <0}. Let us define for x € E, 0 < 8§ < = measures
ves and v¥, on # by setting v, (B)=FE*{M(n, 8); X(T{™) € B, T{" <o} and
v¥ o(B)=*P*(X(T{") € B, T{” <o). We show inductively v, ,=v¥ ; for all x and 8.
For 8=1 we have, from the previous proposition,

() = Hi- oo, B) = [ s, D Hs - ool )
= E*(e(X(T§), X(T(™)); X(T{®) € B, T{® < 0) = v, ,(B),
i being such that x € V'™,

(ii) Suppose v, 5 =v¥, for all y € E and 0< 8’ <8. If 8 has a predecessor & >0,
then

v¥.s(B)

*Ex{* PX(T(O',‘))( X(TMeB T™ < 0); T < o}
[#2:B92.0@) = [1aBpe(@)

= E*{M(n, 8)EXT¥[M(n, 1); X(T{") e B, T® < o]; T < o}
= E*{M(n, 8)[M(n, 1)(6p)]; X(T5™) € B, T{ < o} = v, «B).

I
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If & has no predecessor, let 8, <--- <8, 4 8. Then T;® + T{¥ as j— co. Hence
X(T§p) — X(T§™) a.e. and a.e.* on {T§” < o}. Furthermore, the additional hypoth-
esis implies that X(T;) — A a.e. and a.e.* on {T§}’ <o for all j, T§» = o} as j — oo.
Hence for f'€ €, we have by the bounded convergence theorem, as j — oo,

ffM‘.o, = FEXfXTE); TS < 0} — *EX{f(XTM); T < o} = ffdv;*:.,,

j Fdvys, = EX{S(XTPYMn, 8); TS < o)
> EXSXTENMO, 8 T8 < 0} = [Fabr

since M(n, 8,) | M(n, 3) on {T;”<go}. The condition v}, =v,, for all j then
implies [ fdv¥ ;= [ fdv, , for all fe €,. Hence v% ;=v, ;. This completes the proof
that (4.1) holds for A of the form {X(T{™) € B, T < a}.

(iii) We now prove (4.1) for A={X(T{) € B;, j=1, ..., k; X(T}”) € B, T} <o}
where y, < - - - <y, <y and B, B; € #. We may assume vy, >0 for otherwise (4.1) is
trivial or reduces to this case. The proof is an induction on k. Note that the case
k=0 is established already. Thus we assume k >0 and (4.1) holds when y is replaced
by any >0 and A is replaced by any set of the form {X(T;) € 4,, j=1,...,k—1;
X(T§) e A, TP <o}, where 0<8,<---<8,_;<8 and 4, 4;€ #. Now with §,,
j=1,...,k—1, and & being such that y,+38;,=y,,; and y,+8=v, and with
AN ={X(T§P) € Bj,1, j=1,...,k—=1; X(T§) € B, T{" <o}, we have

*PX(A) = *E*{(*PX*TD(A'); X(TY) € B, T < o}
= L v, (dy)*PY(A') = L Varr, (AV)EY{M(n, 8); A’}

= EX{M(n, y,)EXT[M(n, 8); A']; X(T3P) € By, TP < o}

= E*X{M(n, y))[M(n, 8)(8:)]; X(T;) € B;,j = 1,.. ., k,
X(T™)e B, T™ < o}

= EX{M(n, y); A}.

Hence we have proved (4.1) for a big enough class of sets to guarantee that (4.1)
holds for all A € S#£(n, y) N {T{” <o}.

For each m and o«>0 we define a sequence {M™(m, «),n=0,1,2,...} of
functions on Q by setting

M™(m, «) = M(m+n, \m, «, m+n)).
Recall that A(m, e, m+n)=inf{y | T{"*"=T™}. Note that M™(m,«)=0 on
{TM 2 a}.
LEMMA 4.3. M™(m, «) is measurable over 3,(m, «)* for every p.
Proof. M™(m, o)=M(m+n,y) on A,={T{"=T{"*" <0}. Now
A, = {R™,; < 0, X(R,) = X(RP) # X(RP) for all 8 < y} € H#;(m, o).
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Hence H(m+n,y) N A, € #,(m, ). Since M(m+n, y) is 3 (m+n, v)-measurable,
its restriction to A, is measurable over S#(m+n,y) N A,. It follows that the
function X,<; M™(m, )], is #,(m, «)-measurable for every B. (I, is the indicator
function of A.) But this function differs from M ™(m, «) on a subset of {R§® < T™}.
Hence the lemma follows from the fact that there exists 8 such that {R{® <T{™}
is a P#-null set.

COROLLARY 4.4. M™(m, ) is measurable over F(T™).

Proof. This follows from the previous lemma since #,(m, o)< F(T{™) and
F(T)=\u F(T).

LemMMA 4.5. For every x € E and A € #,(m, o) N {T{™ <o},

*PX(A) = EX{M™(m, o); A}.

Proof. Let B<x be such that P*(R{P < T™)=*P*(RP < T{™)=0. Then A is the
disjoint union of the sets A N{T{M=T{"*"<o0}, y<B, and a set I' with
P*T)=*PT)=0. Hence

*PX(A) = D *PHAN{TM = T < oo))

YS8
and

E*{M™(m, a); A} = > EX{M™(m, e); A" [T = T < o).
YS8

Now A N{T™=T"*" <0} € #(m+n, y) by Corollary 3.2, and on
AN{T™ = T™*™ < o0} < {TM = T™+™ < g},

M™(m, «)=M(m+n, y) since A(m, e, m+n)=y. Thus from Proposition 4.2 we
have *P*(A N {TW=T"*"<o})=E*{M™(m, «); AN [TM=T"*"<oo]}. Tt
follows that *P*(A)=E*{M™(m, a); A}.

We now prove the basic

THEOREM 4.6. For every x, the sequence of functions M™(m, «), n=0,1,2, ...,
is a martingale with respect to the o-fields H#,(m, )<, n=0,1,2,..., and the
measure P~

Proof. We have seen that M™ = M™(m, «) is measurable over J#,(m, «)°~ and
Ho(m, &)*x = H, ,(m, «)°=. Trivially EX{M™} <oo for all n. It remains to show
that, for every A e (m, o), EX{M™; A}=E*{M™*V; A}. Since M ™(m, a)=0
on {T{™ 2 o}, we may assume A<{T{™ <o}. In view of Lemma 3.3 there exist A,
and A, in H#;,,(m, o) such that A, c A< A, ={T{™ <o} and P*(A,)=P*(Ay). By
Lemma 4.5 we have

EX(M®; A} = *P(A) S *P*(As) = EX(M®*V; Ay = XM+ A}
= EX{M®*V; A} = *P¥(A;) £ *P*(A) = EX{M™; A}.

The theorem is proved.

For each pair (m, «), «>0, let M *(m, «) (interchangeably M, ,) be defined by

M®(m, «) = lim inf M™(m, «).
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CoRrOLLARY 4.7. (i) For every x, M™(m, o) > M*(m, a) a.e. P* as n— oo;
(i) 0SM=(m,x)<1 and M>(m, &)=0 on {T{™ 2 0o}; (iii)) M*(m, o) is F(T™)-
measurable; (iv) for A € 5£,(m, a)*= N{T{™ <o}, EX{M*(m, o); A}=*P*(A).

Proof. (i) follows from Theorem 4.6 and the martingale convergence theorem,
(i) is trivial, and (iii) is a result of Corollary 4.4. If A € J#,(m, a)*> N {T{™ <o},
then E*{M ™(m, o); A}=*P*(A) for all n’ Zn. As ' — oo we obtain from (i) that
EX{M>(m, «); A}=*P*(A). (ii) follows from this and the fact that #,(m, «)*~
increases with n.

5. Removal of the additional hypothesis in 4. In this section we will obtain
functions M “(m, o) satisfying Corollary 4.7 without the additional hypothesis in
the previous section.

LeMMA 5.1. Let ¢ be a bounded real-valued 3 (n, y)-measurable function. Then
E*{¢; T <o} and *E*{¢; T{™ < o} are B-measurable in x.

Proof. Let W(m, i)={y € E | p(y, E— U™)< 1/m}. Let Opn="Twem.s, if X(0) € V{®
and =0 if X(0)=A. 0, is ¥-measurable; hence so is the increasing limit Q, of 0,
as m — 0. Since {X(Q,) € B, Q, <o} € ¥ for B € B,, it follows from the way 0,
is defined that Q, defined by Q,= 0, + Q.(8,,) for O, <00 and =oo for Q; =00 is
%-measurable. In fact, let O, =inf{t= Q, | X(¢) € W(m, i)} if X(Q,)€ V™, and
=oo if otherwise; then 0,, are ¥-measurable and increase to Q,. From the same
reasoning we see that all the Q,, y <=, defined below are ¥-measurable:

0,41 = 0,4+ 0i(bg,) if O, < 0,
= if otherwise,
0, = §1<1;y) 0, if y is a limit ordinal.

Now it follows from the quasi-left continuity that {T{® < ¢} <{Q, <o}and TtV =0,
a.e. and a.e.* on {Q; <o}. By the definitions of T{® and Q, we then have T, = Q,
a.e. and a.e.* on {T{” <o} U {Q, < a}. The lemma immediately follows.

Let n be fixed for a while. Denote by y the set of limit ordinals <vy.

We will define inductively functions £&»: Q — [0, 1], y a limit ordinal, satisfying:

(i) &P is measurable over #(n, v),
(ii) if 8+9y' = y then &P(0;m) = &P a.e. on {T™ < o},
(ili) for every x € E and A € #(n, y) N {T\® < o}, *P*(A)
= E*{M(n, y); A},

where M(n, y) is defined as follows (for every y <=):

M(n,y) = [1‘[ en( X(TE), X(Tm»] [H sz:»], T < o,

o<y dey
=0, T™ 2 o,
[ Tsey € meaning 1 if y is finite. If ' =y + p, p a finite ordinal, then we can obtain
from (iii) of (5.1) that
(5.2) *P*(A) = E*{M(n,y'); A} for every x € E and A € #(n,y") N {T; < o}.

(5.1)
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This is obvious from the proof of Proposition 4.2. Hence in order to define £, y a
limit ordinal, we may suppose that £ are defined and satisfy (5.1) for 8 € y—{y}
and (5.2) holds for all ' <y. Let y;<--- <y, 4 y. Let M'(n, y)=lim, M(n, y,).

LEMMA 5.2. For each x, *P*(X(T™) e dy, T\ <o)=E*{M'(n, y); X(T3®) € dy,
T <o} as measures on 4.

Proof. Suppose as m — o0 X(T{¥) — X(T{) € V{™. Then there exists m (m depen-
ing on w) such that X(T) e U™ for y, <y’ <y. Necessarily X(T\») € V{® n U™
for some j#iif y,<y' <y. Now if V® N U™ # @ and j#i,then UM N V=g
by conditions (ii) and (iii) of Proposition 2.1. This means that for all large m,
T® =Typ(07) + 5w on {X(T™) € V{™, T{” <o}. Let

O, ={yeU™|0 < p(y, V(") = 1/k}.
Now for a Borel B< V(™ we have from the induction hypothesis
*E¥{Hg-umov(X(T57), B); X(T7P) € Oy for ym £ ' £ ym, T3y < 0}

S EX{M®, yn)Hg - uprovi(X(T5R), B); X(T)) € Oy for ym S v' < ymy T, Y < 0}
Let m’ — oo to obtain by the bounded convergence theorem
*EX{HE - upmrov(X(T3), B); [X(T3V) € Oy, TV < 0] N A(m, k)}

+ *P*{X(T™) e B, T{™ € B, T\" < o} N A(m, k))
< E*{M'(n, y)Hg - ymyov(X(T), B); [X(TP) € Oy, T™ < o] N A(m, k)}
+ E¥{M’(n, y); [X(T3) € B, T} < o] N A(m, k)}
where A(m, k)={X(T%®) € O, for y,<y' <y, T\¥ <o}. As m — o0, we obtain in the
limit
*EX{HE _ umyov(X(TS™), B); X(T{P) € Oy, ym < y' < v, for some m, T} < o}
+ *PX(X(T")e B, T}® < o)
< EX{M'(n, y)H s - vimyovi (X (T3™), B);
X(T™) € Oy, ym £ v £ v, for some m, T{ < o}
+ E*{M’'(n,y); XT™) e B, T{® < a}.
Let kK — co. Then the first terms on both sides of the above inequality approach 0.

Thus we have *P*(X(T™) e B, T < o) £ E*{M'(n, y); X(Ty") € B, T{ < o} for
B< V™, The lemma follows.

LEMMA 5.3. There exists a function g,: Ex E — [0, 1], measurable over #x &,
such that

*PX(X(T\") € B, T}” < o) = E*{g(X(0), X(Ty"))M'(n, y); X(I;”) € B, ;" < o}
forallxeE, Be %.
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Proof. It follows from Lemma 5.1 that
*PX(X(T™) e B, T{M <o)
and
E*{M’(n,y); X(Ty®) € B, T\ < o}
are #-measurable in x for each Be %.

Lemma 5.2 then implies the existence of a function g,: E x E — [0, 1], measurable
over # x %, such that

AT BT < o) = [ g/x DENM (0 7); XTP) e dy, T < o}
B

= E*{g,(X(0), X(T;"))M'(n, v); X(T;”) € B, T,” < o}

for all x€ E and Be 4.

Let §,, be such that y,,+ 8, =y. Suppose g5 is also defined and satisfies Lemma

5.3 with 8, replacing y throughout. Let 1, =g, (X(T5»), X(T;™)) on {T{® <o} and

=0 elsewhere. Let 5#'(n, y,,) be the o-field generated by #(n, y,,) and sets of the
form {X(T{™) € B, T < a}.

PROPOSITION 5.4. For every x, {n,, m=1,2,...} is a martingale with respect to
the measure M'(n, y)dP* and the o-fields H'(n, y,,).

Proof. It suffices to show that for A=A, N {X(T) e B, T\¥ <o}, where
A eH(n,y,) N{TM <o} and Be B, E*{n,M'(n,y); A}=*P*(A). From the
previous proposition and the induction hypotheses we have

E*{nuM'(n, v); A} = E*{M(n, yn) EXT5[ g, (X(0), X(TS™)M (n, v);
X(Ty”) e B, T,” < o]; Ay}
*EX(*PXTR(X(T{) € B, T\ < 0); As}
= *P¥(A, N{X(T™) e B, T{® < o}) = *P*(A).

Let £7=lim inf,_ o 7,. Then by the martingale convergence theorem 7,, — &
a.e. as m — 0. We claim that &M satisfies (5.1). (i) of (5.1) is obvious, and (iii) is a
result of the facts that 7, — &M a.e. and that E*{n,M’(n, y); A}=*P*(A) for
A e H'(n, y,) N{T™ <o}, p<m. To show (ii), note that

EP(0rp) = llmrl_l. aionf 8o, (X(T57,), X(T3™))

on {T{™ <}, where yi<---<vyp, 1 ¢ and yn+8,=y". Let {y,} be the increasing
sequence formed by {y,} and {8 +y,} and let y,+ 8, =y. Then Proposition 5.4
implies g, (X(T®), X(T{™)) converges a.e. on {T™ <o}. This proves &P(8w)= £
a.e. on {T{™ < o0}.

Thus by induction we have the following proposition, in which y need not be a
limit ordinal because of a previous remark.
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PROPOSITION 5.5. M(n, y) is #(n, y)-measurable; for each x and A € #(n, y)
NA{T™ < o}, EX{M(n, y); A} = *P*(A). Let M™(m, «)=M(m+n, Xm, «, m+n))
for n=0 and

M>(m, ¢) = lim inf M™(m, ).

n— o

Then Lemma 4.3, Corollary 4.4, Lemma 4.5, Theorem 4.6 and finally Corollary 4.7
again hold, since their proofs depend only on the properties of M(n, y) stated in
the above proposition.

6. Properties of the functions M “(m, o).
LeEMMA 6.1. For any two pairs (m, o) and (m', '), M>(m, )=M>(m’, &') on
Tm =187,
Proof. Suppose m=m'. If T{™ =T, then
Am', o', m' +n) = inf {y | T\™*™ = T}
=inf{y | Ty"*™ =" = T} = MNm, «, m+(m’ —m+n)).
Hence
M™ =m0 (m, o) = M(m+(m' —m+n), \(m, e, m+(m' —m+n)))
= M(m' +n, \(m', &', m' +n))
= M™(m', o)
for all n on {T{™ =T <o}, while on {T{™ = T3 = o},
M™(m, &) = M™(m’, «’) = 0.
The lemma then follows from the definitions of M “(m, «) and M *(m’, o').
For w € Q, let J(w)={t € [0, 0] | t=T/™(w) for some (m, a)}. Let M>(m, 0)=1
on Q for all m. For w € Q let M(-, w) be defined on J(w) by
M1, w) = My J(w),

where (m, «) is any pair satisfying T\™(w)=t. M(-, w) is well defined because of
Lemma 6.1. For any random variable T with T(w) € J(w) for all w, the function "
M(T), interchangeably M, is defined by M(T)(w)=M(T(w), w). In particular we
have M(T/™)= M>(m, «). We will investigate some properties of M(-, w) before
setting up the desired multiplicative functional.

LEMMA 6.2. For each w, M(-, w) is nonincreasing on J(w).

Proof. Let O<a<da'. It follows from definition that M™(m, o) 2 M™(m, &').
Hence M“(m, a)2 M*“(m, a’). Since M°(m,0)=1 and M“(m, «)<1, we have
that, for each w, M(-, w) is nonincreasing on J,(w)={t € [0, 0] | =T{™(w) for
some «}. The fact that J,(w) 1 J(w) implies the lemma.

LEMMA 6.3. Let x € I. Then M(T{™) — 1 a.e. P* as m — o0.
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Proof. Since I=1I* (Proposition 1.1), x is also in I*. Let i(m) be such that
€ Vim. Then, since U{R) | {x}, *P*(T{™ < 0)=*P*(Tg_ysm, <) 1 1asm—co.

Now by Corollary 4.7 E*{M(T{™); T{™ < o0} =*P*(T{™ < c0). It then follows from
the previous lemma that M(T{™) — 1 a.e. P*.

LEMMA 6.4. M(TWy)=MTMIM(TIP)(01¢m)] a.e. on {T{™ <o} for arbitrary
m, « and o'

Proof. Obviously we may assume «,o’>0. On {T{™ <o}, M™(m, a+c’)
=M™(m, )[M™(m, o«')(6m)]. If both lim, M™(m, «+a') and lim, M™(m, )
exist, in which case they are equal to M(T{™,.) and M(T{™) respectively, then so
does lim, [M™(m, «')(z¢)] and it is equal to M(T{™)(0¢). Hence the lemma
follows from (i) of Corollary 4.7.

COROLLARY 6.5. For arbitrary pairs (m, «) and (m’, <'),
M+ TE6rm)) = MT)MTE)0rg0)]
a.e. on {T™ < o0}.

Proof. This follows from Lemma 6.5 and the facts that, with m”=max {m, m'},
Ti™(w) =Ty"(w) and T{™ (8 pmw) = T8 rgmw) (if T4™(w) < 00) for some y and y',
and that for a fixed x, there is a 8 such that P*{T{™" < o0} =0.

PROPOSITION 6.6. M(-, w) is right continuous on J(w) a.e. P*(dw) for every x.

Proof. We show first that for every x, M(-, w) is right continuous at 0 a.e.
P*(dw). If x € I, this follows from Lemmas 6.3 and 6.4. If x € H, it follows from the
fact that, a.e. P*(dw), there exists §>0 such that T{™(w)>é for all m. Now let
(m, «) be fixed. The strong Markov property and the above fact imply that
M(T{™)(0r¢m) — 1 ae. on {T{™ <00, T{™(0zm) | 0 as m" — co}. It then follows
from Corollary 6.5 that M(-, w) is right continuous at T{™(w) a.e. P*(dw) for every
x. Since for a fixed x there is a 8 such that P*(T§™ < c0) =0 for all m, the proposition
follows.

7. The multiplicative functional—when the processes have no holding points. In
this section we assume H=H*= g, i.e., both processes have no holding points.
For ¢t € [0, ) let ®,={w € Q | for every >0 there exists (m, «) such that
1STM™(w)<t+8 or X(t, w)=A}. We now extend M(-, w) from J(w) to [0, co] by
setting

M(1, w) = sup {(M(T;"(w), w) | t £ T{™(w)} ifwe
= inf {(M(T{(w), w) | t > Ty™(w)} fweQ-7,
Lemma 6.2 guarantees that this is indeed an extension of the original M(-, ») for

every w. M is now a function on [0, 0] x Q. We will denote by M(T)(or M), for
any T:Q — [0, ], the function defined by M(T)(w)=M(T(w), w). Note that



1967] MARKOV PROCESSES 173

0= M =1 and that M(¢, w) is nonincreasing in ¢ for every w. Moreover, if M(-, w)
is right continuous on J(w) then it is so on [0, c0]. Hence Proposition 6.6 implies
that M(¢) is right continuous in 7 a.e.

PROPOSITION 7.1. M(t) is measurable over % for 0<t< 0.

Proof. We show first that ®, € #. For an arbitrary p let B be such that
PH{T{™ <o0}=0 for all m. Then

®, = {X(r) = A} U (ﬁ O UsTm < t+l/k}) UT,
k=1m=1a<§8
where I is a subset of Um-; {Tf™ <o}, a P“-null set in & Since
kol

the arbitrariness of p implies @, € &. Now define a sequence of random variables
R, as follows:

1Cs

U{tsT™ < t+1/k} ekél F(t+1/k) = F(1),

la<8

R, =inf{T®|T™ =2t} on®,
=sup{T\” | T™ <t} on Q—-7,

Note that inf and sup above can be replaced by min and max respectively. Clearly
as n—>oo, R, | t on ®,—{X(r)=A} and R, } sup{T{™ | T{™<t} on Q—, It
then follows that M(R,) — M(t) as n— oco. Now for a positive integer k let
M®(R)=M(R) (g, <t+1/x- Then M®(R,) — M(t) as n — co. We will show that
M®(R,) is F(t+1/k)-measurable. This would imply that M(t) is F(t+1/k)-
measurable for every k and thus & (¢)-measurable. To show M *)(R,) is measurable
over #(t+1/k), again let u be arbitrary and choose B8 such that P4(T§™ < c0)=0 for
every n. For each pair (n, y) let ®(n, y)=®, N {T\V2¢; T{" < ¢t for all <y} and
Wyn, y)={T\" <t=T{?.}— ®,. Clearly ®y(n,y) and ¥yn,y) are in F(r), and
R,=T™ on ®yn, y) U ¥y(n, y). Since M(T™) is F(T{™)-measurable, this implies
that M(R,)lo,n,vyn iz <t + 15y a0d M(R,)Ig,n,y) are F(t+ 1/k)-measurable. Thus the
function

2 (M(R)oyn,pnia® <t + 11 + M(Ro)lg,n, 1))

Y<B8

is #(t+1/k)-measurable. Since this function differs from M%*)X(R,) only on a
subset of Q—J,<s (Py(n, y) U ¥i(n, y)) <{T§» <0}, M*(R,) is measurable over
F(t+1/k)". u being arbitrary, M*)(R,) is measurable over #(¢+ 1/k). The proof
is thus complete.

We will now show that the restriction of M to [0, ) x Q, which we will still
call M, is a multiplicative functional of X and has the desired property. The
assumption H= & implies that for every x and ¢, P*({X(¢) € E}— ®,)=0. This fact
will be strongly used in the next proof.

THEOREM 7.2. M is a multiplicative functional of X.
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Proof. We have seen that 0< M <1, M(¢) is nonincreasing and right continuous
in ¢ a.e.,, and M(z) is F(t)-measurable. It remains to show that for arbitrary
s, t=0 the equality

(7.1) M(s+1) = M(1)[M(5)(6,)]

holds a.e. Obviously we need only to show the equality holding a.e. on {s+¢<d}.
Since {s+¢ < o} = {X(s+t) € E} = {X(s+1t) e E} n{X(¢t) € E},

P({s+t < o}—®, N ®,,,) < P*(X(1) € E}— ®)+P*({X(s+1) € E}— ®,.,) = O.

Thus it suffices to show that (7.1) holds a.e. on &, N @, ., N {s+t<o0}.

For each n define R, as in the proof of Proposition 7.1, and define R; as R,
except that ¢ is replaced by s+, i.e., R,=inf{T™ | T"W=s+t} on ®,,, and
=sup{T™ | T{™ <s+1t} elsewhere. On ®, N O ,,, R,<R;, although both may be
infinite. Let S, =R, — R, on {R, <o0}. Then

M(Ry) = M(R,)[M(S;)(0r,)]

a.e. on{R, <o} N O, N Oy, (M(S,)(0r,)(w)=M(S,(w), Oz, w)). This follows easily
from Lemma 6.4. Now M(R,)— M(t) and M(R;) — M(s+t) as n— co. Since
{R, <, t<o} 1 {t<o} we need only to show

(1.2) M(S;)(0g,) — M(s)(0) asn— o0

ae. on &, N D, N{s+r<o} (regard M(S,)(0,) as zero if R,=c0). In view of
Corollary 2.4, for each n and w € ®, N O, there exist §,(w) < 8;(w) <= such that
Ry(w)=1t+T54(0w) and Ry(w) =1+ T§%(6,w). For a fixed x choose g such that
PX(T{*? <o00)=0. It is easy to see that if T§"*?(w)=oco then §,(w) and §,(w) can be
chosen <B. Now from Lemma 6.4 and the Markov property we have

M(T )0 = [M(T3"* V) O)IM(T 1) (075 +0)(6,)]
a.e. P* on {T{"*1(6,) <o} whenever y+y"=y'. It follows that
(1.3) M(TE* V)6, = [M(T5;* V) 6)M(TE V) (015 +0)(6,)]

ae. P* on {R,So0} N ®, N O, where &;(w) is defined by §,(w)+ 8p(w) =8 (w).

Now the second factor on the right side of (7.3) is exactly M(S,)(6z,). It is clear
that T**V(6,)=R,—t | 0 and T§*(0)=R,—t | s on &,N O, N {s+t<0}.
Since by the Markov property M(t')(6,) is right continuous in ¢’ a.e. P*,
M(T*V)6,) — 1 and M(T§*P)(0,) — M(s)(8,) a.e. P* on &, N D, N {s+t<a}
as n — oo. Thus (7.2) follows from (7.3), and this completes the proof of (7.1) and
hence of the theorem.

LeMMA 7.3. Let K be a compact subset of E. For each m let R,,=inf{T{™|T{™ z Ty}.
If x¢ K, then EX{M(R,); X(R,) € B, R,<0}=*P*(X(R,) € B, R,<0) for all
Be gA'
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Proof. Let B be such that P*(T{™ < 00)=*P*(T§™ < 0)=0. Then for B € %,

E*{M(R,); X(R,) € B, R, < 00} = > EXM(T{™); X(T{™) € B, Ry, = T(™ < o0}
a<pB

and
*P*(X(Ry) € B, Ry < 0) = > *PX(X(T{™)€ B, R, = T(™ < o0).

a<B

Now it follows from Lemma 3.4 that {X(T{™) € B, R,,=T{™ <} € #(m, )=,
Since obviously R,, <o if R, <0, we have

EX{M(T{™); X(T{™)€ B, R,, = T{™ < o} = *P*(X(T{™) € B, Ry, = T{™ < 0)
by Corollary 4.7. The desired equality follows.
THEOREM 7.4. For every x € E, compact subset K of E, and Be %
74 E*{M(Tx); X(Tx) € B, Ty < oo} = H¥(x, B).

Proof. (i) Suppose first x ¢ K. Define R, as in the previous proof. We have
shown in Proposition 2.6 that R,, | Tk a.e. P* and a.e. *P~. It then follows from
the a.e. right continuity of M(¢) and the previous lemma that, for fe %,,

PEX{f(X(Tx)); Tk < oo} = lim *EX{f(X(Rp)); Rn < o0}
= lim E*{M(Rn) f(X(Rn)); Rn < 0}
= E*{M(Tx) f(X(Tx)); Tx < oo}.

The arbitrariness of f implies (7.4) for all Be #.
(ii) Suppose now x € K. By Proposition 1.2 x € reg K if and only if x € reg* K.
Hence if x e reg K, Tx =0 a.e. P* and a.e. *P*, and it follows that
E*{M(Ty); X(T) € B, Ty < 00} = *P*(X(Tx) € B, Tx < ©) = 1 if xe B,
=0 ifx¢B.
If x¢regK, then xé¢reg* K. Let F,={y| p(x,A)/22p(x, y)21/n}. We have
Tr, | Oae. P*and a.e. *P*. Hence P*(Tr, <Tx) * 1 and *P*(Ty, <Tg) 1 1 as
n — oo. Now it follows from the fact established in (i) that, for all »,
*EX(*PXTr)(X(Tk) € B, Tx < 0); X(Tr,) ¢ K, Ty, < o0}
= E¥{M(Tr,)E*Tr?[M(T); X(Tx) € B, Ty < o0]; X(Tr,) ¢ K, Ty < o0}.
Clearly the left side converges to *P*(X(Tk) € B, Ty <) as n — 0. Since on the
set {F, <Tx}, M(Tx)= M(T¥,)[M(Tx)(0r, )] a.e. P*, the right side must converge to
EX{M(Tx); X(Tx) € B, Ty <00} as n— co. Hence (7.4) follows, and the proof is
complete.

8. The multiplicative functional—when the processes have holding points. If
H=H* is nonempty, the functional defined in the previous section does not have



176 C.-T. SHIH [October

the desired property (in fact it is not necessarily a multiplicative functional), and we
have to make a different definition. Let R=inf,, T{™ =inf{t < o| X(¢) # X(0)}. For
each ¢ set M(t)=sup{M(T{™) | T, =t} on ®,. Note that M(¢+ R(6,)) is defined for
every t. We then set on Q— @,

M(t) = min {M(z+ R(6,)) M(R)(8)), inf {M(T3") | T™ < t}}
if sup {T™ | TS < t} # T™  for any (m, v),
= inf {M(T{™) | T/ < t} otherwise.

We will show that this M (restricted to [0, c0) x Q) is a desired multiplicative
functional. It is obvious that M(z) is nonincreasing in ¢ everywhere. If M(-, ) is
right continuous on J(w) then it is so on [0, o). Hence M(¢) is right continuous a.e.

For a while let K be a fixed compact subset of H. Define stopping times R, and
Sy, y <m, inductively as follows: Ry=S,=0; S,,1=R,+Tx(bz,) if R,<00 and =00
if otherwise; R,=S,+R(fs,) if §,<00 and =oo if otherwise; S,=sups;<, R;
=Sup,<, S, for a limit ordinal y. Obviously, X(S,) € K a.e. and a.e.*; R,> S, a.e.
and a.e.* on {S, <o} for y>0, so for each p there exists 8 such that P*(R; < 0)
=*P*(R;<00)=0; for each p, R,=some T{™ (m and « depending on w) a.e. and
a.e.*. For simplicity we assume that for each y and w R,(w)=T{™(w) for some (m, o).

Let T,=inf{T{™ <o | if X(T®) € V™ then K N U™ # z}. Let 4, be the o-field
generated by sets of the form {X(T{™) e B, T{" < T,, T <o} or {X(S,) € B, S, <a}.
Let #, be the smallest o-field containing all £,. Let ¢ be the o-field generated by
sets of the form {X(T¢™) € B, T{™ £ R,, T{™ < o}. Let y be an arbitrary limit ordinal
and let y,<--- <y, 1 y. Let #, be the o-field generated by sets of the form
{X(T™) e B, ;"= R,,, T{™ <o} or {X(S,) € B, S,<}. Let 7, be the smallest
o-field containing all _#,. Let £, be the o-field generated by sets of the form
{XT™)e B, T <R,, T{™ <o}. We will omit the proofs of the following two
lemmas.

LeMMA 8.1. (i) For each p, ft< .- - cSic...cfhcH™,; (i) for each p M(T,)
is F!-measurable; (iii) for every x and A € £, N {T, <o}, *P*(A)=E*{M(T,); A};
(iv) X(T,) is F¢-measurable for each p.

LEMMA 8.2. (i) For each p, ftc---< gic...c ghcHt; (i) for each p
M(R,,)) is F!-measurable; (iii) for each x and A€ g N{R, <o}, *P*(A)
=E*{M(R,,); A}; (iv) X(R,,) is #!-measurable for each p.

Let h: Ex E — [0, 1] be # x #-measurable and satisfy
Hi(x, B) = [ hx, )Hy(x, &)

for x € E and Be #. Let ¢,=h(X(T,), X(S,)) on {S; <o} and =0 elsewhere.

LEMMA 8.3. For each x, {¢,M(T,),n=1,2,...} is a martingale with respect to
the o-fields Ff=, n=1,2, ..., and the measure P*.
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Proof. One shows that for A € £, N {S] <a}, *P*(A)=E*{¢,M(T,); A}.
Let N(S,)=Ilim inf, ¢, M(T,). Then we have

COROLLARY 8.4. For each x and A € X" N {S, <a}, E*{N(S,); A}=*P*(A).

LemMA 8.5. (i) *P*(X(R) € B, R<o)=E*{M(R); X(R) € B, R<a} for every x
and B € #; (ii)) M(R,)=N(S,)[M(R)(6s,)] a.e. on {S, < co}.

Proof. (i) is easy to see. Both sides of (ii) are Jf“~-measurable, and it follows
from (i) and Corollary 8.4 that for Ae X", EX{M(R,); A}=E*{N(S))[M(R)(6s,)]; A}
=*P*(A N {R,<a}).

Let T=inf{t | X(t)# X(0)} and for each p let A,={y € K| E¥T)> 1/p}. Then
A, 1 K as p— . From Lemma 8.2 we obtain for Be #

*E*{H}.(X(R,,), B); R,, < o} < EX{M(R,,)H, (X(R,,), B); R,, < a}.

Itis not hard to see that *P*(X(R;) € 4, for some §, y,<8<y)—0and P*(X(R;) € A4,
for some 8, y,<8<y) — 0 as n — co. Hence as n — oo we obtain from the above
inequality

*PH(X(S)) € 4, N B, S, < o)+ *E*{H,(X(S,), B); X(S,) ¢ 45, S, < d}
< E~{lim M(R,,); X(S)€ 4,1 B, S, < o}
+Ex{lim M(Rv,.)HA,(X(SV), B); X(S)) ¢ 4,, Sy < “}-

As p — o0 we obtain
*P¥(X(S,)eKNB,S, <o) =< E"{li:n M(R,); X(S,)eKNB,S, < a}.

Thus we have

LeMMA 8.6. For every x and B e %,

*P*(X(S,)€B, S, <o) = E"{li'r'n M(R,); X(S,)€B, S, < a}.

It is not hard to show that both sides of the above inequality are %,-measurable
in x. Hence there exists ¢,: Ex E — [0, 1], # x #-measurable, such that

*PX(X(S,)€B, S, < o) = E"{c,(X(O), X(S,) li:n M(R,); X(S)eB, S, < o}
for all xe E and Be #. Let §, be such that y,+8,=y and assume that c; are
defined. Let ¢, =c; (X(R,,), X(R,)) on {R, <o} and =0 elsewhere.

LemMma 8.7. For each x, {$y,n=1,2,...} is a martingale with respect to
{Fi=,n=1,2,...} and the measure lim,, M(R,,) dP*.

Proof. Applying Lemma 8.2 one shows that for A € £, N {S, <o},
*P*(A) = E"{n/;n lim M(R,,); A}.
m
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Let y=lim inf, ¢,,. Let N(S,)=4 lim, M(R, ). Then we have
COROLLARY 8.8. For A € £, N{S, <o}, EX{N(S,); A}=*P*(A).
LemMa 8.9. M(R,)=N(S,)[M(R)(0s,)] a.e. on {S, <0}
Proof. Both sides are #;°~-measurable for each x. One shows that, for A € %,
E*{M(R,); A} = E*{N(S,)[M(R)(65,)]; A} = *P*(A N {R, < o}).

For each y let N(S,.1)=M(R,)[N(S,)(6,)] on {R, <o} and =0 elsewhere. Then
it follows from Lemma 8.5 that M(R, . ;)= N(S,.1)[M(R)(bs,,,)]a.e.on{S, ., <oo}.

LeEMMA 8.10. For every y, M(t)=N(S,) a.e. on {S,<t<R,}.

Proof. This is easily deduced from Lemmas 8.5 and 8.9, the remark preceding
the lemma, and the definition of M(t) (note that M(R)(6)=M(R)(6s,) on
{S,S1<R)).

PROPOSITION 8.11. M(t) is F(t)-measurable for every t.

Proof. According to the proof of Proposition 7.1 M(t)lixwer,-m i F(t)-
measurable. For a given u there exist increasing compact subsets K, of H such that
PY(X(t)e K,) + P*(X(t) e H). It follows that to prove M(t)xpem; 1S F(t)-
measurable it suffices to show M(1)I xqen, is Z(¢)-measurable for all compact
subsets K of H. Construct N(S,) as before. Since N(S,) is clearly #(S,)-measurable
it follows from Lemma 8.10 that M(¢)I(s, <<z, is F(t)-measurable. This implies
M) xayery, 1s F(t)-measurable since for a fixed u there exists B such that
P*(R;<00)=0.

PROPOSITION 8.12. For every s and t, M(s+t)=M(t)[M(s)(6,)] a.e.

Proof. We need only to show that the equality holds a.e. on {X(t)e K or
X(s+1) € K}, Ka compact subset of H. And it suffices to prove the equality holding
a.e. on

A, ={S,=t<R,S, £s+t < R,} (wemay assumey < y'),

Ay ={S, =t <R, X(s+r)el},and A; ={X(t) e, S, = s+t < R,}.
We show only M(s+t)= M(t)[M(s)(6,)] a.e. on A, as the rest follows from similar
arguments together with the proof of Theorem 7.2. Suppose y+ é=y". Then

M(s+1) = N(Sy) = M(R)IN(S:)(0r,)] = N(S,)[M(R)(65,)][N(S:)(6z,)]
= N(S)IN(S5)(6s,)] = M()[M(s)(6)] a.e.

These equalities are not hard to see. For the last equality note that M(r) depends
only on the trajectory of the path.

Thus we have proved that M is a multiplicative functional of X. The following
theorem will establish its desired property.

THEOREM 8.13. For x € E and compact K<E, E*{M(Tx); X(Tx) € B, Tx <0}
=H¥(x, B) for all Be #.
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Proof. If K< 1, the theorem follows from the proof of Theorem 7.4. If K< H, it
is a result of Corollary 8.4 and the fact that M(T)= M(S,)=N(S,) a.e. In general
we find compact K, <K N H and compact K, <K N I'such that Ty, | Txny and
Tk, | Tx~r ae. P* and a.e. *P* so that Ty .k, | Tx a.e. P* and a.e. *P* as
m — oo, It then suffices to show

(3.1 E*{M(Tx,0x)s X(Tx,0xy) € B, Ty, oxp < 0} = HE, o, (X, B)
for all B. Let T,=inf{T® <o | X(T™) e V™ = U™ N (K, Y K})# 2}. Let N be
so large that p(K,, K,)=inf{p(y, z) | y € Kn, z € K;,} > 12N, and let
F={yeE|p(y,Ky) = 1/N} and F' ={yeE|p(y,K;) < 1/N}.
If n= N, then we have
*EX{HE,(X(T,), B); X(T,) e F, T, < o}
+*E*{H¥.(X(T,), B); X(T,)e F', T, < o}
= EX{M(T,)E*™{M(Tx,); X(Tx,) € B, Tx, < o}; X(T,)€F, T, < o}
+EX{M(T,)EXT™{M(Ty,); X(Tx,) € B, Ty, < o}; X(T,) € F', T, < o}.

8.2)

Now it follows from the quasi-left continuity that P*(Ty, <Ty., X(T,) € F) - 1
and P*(Ty, <Tx,, X(T,) € F') — 1 as n — oo, with similar convergences holding
when *P* replaces P*. Applying the bounded convergence theorem we obtain (8.1)
from (8.2). Thus the theorem is proved.
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